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Chapter 2 # B.4
If we let * be defined by x * y = |x - y|, we can consider the * is communitive if, and only if, 
x * y = y * x. 
For normal subtraction, we can not consider it communitive, since changing the order, will change the outcome. For this example, let us assume that the value of (x, y) are real numbers. When the operation for * is defined by x * y = x – y, the positivity and negativity of the results are based on the how high or low the ordered pairs, (x, y), are from each other. In this instance, the operation of * is not communitive, since changing the order to
[bookmark: _Hlk124973495]y – x ≠ x – y. 
This is not the case when absolute value is present since the order of the ordered pair does not affect the positivity and negativity of the value, as the results will always be presented as a positive value. Therefore, since  
|x – y| = |y – x|,
we can say that for all (x, y) ∈ ℝ, this operation of * is communitive. 

Now to determine if x * y = |x - y| is associative, we must be able to say that the operation * for (x, y, z) fulfills the condition
(x * y) * z = x * (y * z).
For x * y = |x - y|, we must add an element to evaluate if the operation is associative. For this example, we will assume that (x, y, z) ∈ ℝ. Let us allow * be defined by (x * y) * z = |x – y| - z and see if it is equivalent to x * (y * z) = x - |y – z|. However, as discussed before, y – x ≠ x – y. This means that the order for any subtraction operation will matter. If we consider both |x – y| and |y – z| as one value, then we will result in a subtraction operation, in which the order of the elements matter. If the order is changed then it will result in a different result each time. Therefore, x * y = |x - y| is not associative.

As for the identity, let us look at what absolute value means. Any term that is in an absolute value will always become a positive number. When we consider the identity of the operation *, then we must acknowledge that x * e = e * x = x. For x * e = |x – e|, we have concluded that by being communitive,
|x – y| = |y – x|,
and thus,
|x – e| = |e – x|.
However, this does not mean that either equations will be equal to x. This is because regardless of the results of |x – e| or |e – x|, the absolute value will always give us a positivity result. This means that only x ∈ ℝpos  will the equation be true. Otherwise, any times when x is represented by a negative value, will the statement of x become false. Since the operation of * cannot give an identity element for all real numbers, we can say that x * e = |x – e| does not have an identity element. In addition, if there is no identity element, then there cannot be an inverse. This is true since an inverse would require x * x-1 = e, and if there is no e, then there cannot be an inverse.


Appendix A #16

Prove (A ∩ B)’ = A’ ∪ B’

If x ∈ (A ∩ B)’, then it follows that x ∉ (A ∩ B). We can also say that x ∉ A nor is x ∉ B. Since A’ is all sets that are not inside of A, and B’ is all sets not inside of B, we are also able to say either that x ∈ A’ or x ∈ B’.  Therefore, x ∈ A’ ∪ B’. This shows that (A ∩ B)’ = A’ ∪ B’.

Now let use show this in reverse by having x ∈ A’ ∪ B’. Once again, we know that x ∉ A and x ∉ B. It goes to say that x ∉ A ∩ B. To represent this, we can restate sets that are not in A ∩ B as (A ∩ B)’, and conclude that if x ∉ A ∩ B, then x ∈ (A ∩ B)’. This supports that any sets of (A ∩ B)’ will also be and sets in A’ ∪ B’. Therefore, the sets of (A ∩ B)’ = A’ ∪ B’.
